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I. INTRODUCTION

A previous report [3] presented a general outline of procedures
for simultaneously incorporating various sources of auxiliary informa-
tion into an impact acceleration injury prediction model. This report,
which serves as a companion volume, discusses computational aspects of
the procedures. Specifically, the report presents computational proce-
dures which allow the application of commonly used nonlinear estimation
programs found in statistical packages such as BMDP [1] and SAS [2].

Throughout this report, reference will be made to equations in the
previous report [3]. These equations, identified as (1) through (17)
in that report, will be referenced herein by the same numbers as a matter
of convenience. Equations in this report will therefore begin with
reference number (18). In addition, the notation used in the previous
report will be adopted without repeating its definition. Therefore, the
reader may find it convenient (or perhaps necessary) to have that report

readily available.
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II, COMPUTATIONAL PROCEDURES

To estimate the model in (17) by using a statistical package such

as SAS or BMDP, one should iteratively compute, for each observation:

(1) the model derivatives of (17) with respect to the

parameters §1 and p
and (ii) the regression weights, [pi(l - pi)]f1
The derivatives of (17) with respect to §1 and p are
d_py = ¢(Ui(§1, P ~ 02)—;i Xy
8§1

%

Py = 0CU (B, ) ¢ -0 - pH) s+ 1o/ (1 - 0BV (8, 0))

3

Ip

where ¢(U) =d_&(U).
du

This paragraph concludes the discussion of the problem without regard to

prior information.

A, PRIOR INFORMATION

The model parameters in (6) or (7), as the case may be, can be esti-
mated conveniently and efficiently by using the model in (17) to incorporate
the prior information into the parameter estimates. Here again the intuition
behind this approach comes from the likelihood of the observations. Consider

the likelihood in (12). The form of this likelihood suggests the models:

-2-




vy = oL@ = 0DHlB, - ps ) + €, (18a)

= ]
Yo = %8y + €y (18b)

where E(E,) = 0, Var (&) = pi(l - Py)s Py = O[U,(By5 P)]
E(EZi) = 0, Var (521) = 0% .

Note that the 61 and €_  error terms are stochastically independent,

2i
since yli/si and Yoy are independent. This fact makes the analysis by
statistical packages convenient since their nonlinear regression
algorithms cannot analyze correlated observations c¢irectly.

As stated in the previous report [3], it is assumed that the prior

information can be in the form of
(1) a priori estimates of some function of the model parameters

and/or (ii) a priori knowledge in the form of model parameter equality

constraints.

The technique used to model the prior information discussed in the
previous report can be applied to the models in (18a) and (18b) to form
an overall model of direct and auxiliary information.

Let the prior estimates of some function of the model parameters

be expressed by (6), where

£

Recall that it is assumed that the prior information embodied in r is

stochastically independent of

S = TR LR X S




( yn)
Y21

Let ii(ﬁ’ p) - =
£,18, P)
E"‘:l
ﬂi -
€21

XX .
Yon

- - - -

oW, (8, 0))

»£(B, P)
xiB,
N
» N = . .
nn

il(_l:i. )

£, 0)

Then all the information, barring parameter constraints, can be modeled

as

r = g@B, P +yv
y = £(B, 0 +n

where E(v) = 0, Var(v) = ¥

and E(n) = 0, Var(n) = Vx = .

4=

(19a)
(19b)
’ !; =
\'d 0
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The vector r is conceptually and computationally considered as an
observation., Due to the structure of most statistical packages, this
concept can be computationally exploited only if ¥ is a diagonal matrix,
where the diagonal elements of ¥ are considered as weights for the observa-
tions in r. Even if ¥ is a diagonal matrix, it is probably the easiest
for the user if he or she transforms the elements of r so that the transformed
elements have the identity matrix as covariance matrix. This is done in
this report.

The elements of r can be transformed by premultiplying r by a matrix

__I‘ such that
'

-1
rr=Y-.
If r* denotes the transformed elements of r, then (19a) can be reexpressed as

£* =T =&*(-B_’ p)+r‘_\)-

——

where &*(ﬁ, o) =1‘_8_(§. p)
' ' _1 1
and EQW = 0, Var@v) = (0 D 'L = L

B. PARAMETER CONSTRAINTS

To include constraints on the parameters, let

(_E’ O) = l\_(g)

where dim 8 < dim(B, ).
-5-
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Then, it follows that, defining v = Tv,

r* = gk(h(8)) + V" (21a)
y =£@)+ n . (21b)

Note that indicator variables can be used to facilitate the computation

of the estimates of (B, p) with a statistical package.

For example, consider the case without constraints and let

ki(ﬁn p) = Blifli(—s-’ p) + 621f21(§_9 P) + (1 - 511)(1 - 62i)g; (ﬁ' )

= - - *
R T PR LIl PRAC AP YR

where 611 =
0 otherwise
s =s(1 if 2y =y, ky(B, ) = £, (B, p), and e =€y,
21

k9 otherwise

and { = 1,...,n , j = 1,...,m , m = dim r* ,

Here rj, gg, and vj are the jth elements of r, g*, and v respectively.

Now rewrite (22) as

z=k(B, 0) +te (23)
zl kl(-é’ D) e].
where z = . » k(B P) = . ,y e=| .
zn kn(ﬁo p) €
-6~
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2
and E(e) = 0, Var(ei) = Glipi(l - pi) + 62102 + Q1 - Gli)(l - 621),

with €yseeese) independent.

Next, if parameter constraints exist as in (20), just substitute

| h(6) for (B, p) in the model in (23). The above indicator variables will
enable the statistical package to directly analyze all the information
modeled in (23) via standard nonlinear, least squares algorithms. One

merely needs to iteratively compute:

(1) model derivatives of (23) with respect to (8, p) or

8 if constraints are to be used,

; -1
A and (ii) the regression weights [Var(ei)] .
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III. A POSSIBLE EXPERIMENT

To elucidate the application of estimating the model in (23), an
example of a possible impact acceleration injury experiment with n

observations may be considered. Suppose that for 1 = 1,...,n:

(1) x = 1, xli)' where xli denotes peak sled acceleration for

the ith subject,

(1i) Y, is a dichotomous injury observation for ith subject, with

i

value of 1 for injury, 0 for no injury,

th
and (1ii) y21 is a continuous preinjury measurement for the i  subject.

Then the model of the empirical data as given in (19b) has

A. SOME ASSUMPTIONS

Suppose further, that for a particular level of peak sled acceleration,

xo say, a good prior unbiased estimate of injury probability, y, is avail-

Po
able, Let this prior injury probability and peak sled acceleration level

be related by

Py = ¥(Bgy *+ Bpyxg)-

Assume that the variance of PO is known or estimated to be y .

Thus, the prior information as modeled in (19a) can be written as

L ekt e e L N




r* = gk(g, p) + v

where I is a 1x1 matrix estimated by ¢-1, r* is a 1xl vector equal to
-1 -1
Vg, and g*(8, o) = ¥ [8([1, x4, 0, 01)].
Finally, assume that the elements of B are constrained by the equation

B

12 = 02811. This constraint can arise quite nzturally from the following

situation. Suppose that the event of a preinjury measurement, (e.g., change

in evoked potential response) exceeding some critical, prespecified value,
Yo is always at least as likely as the occurrence of an injury, for all

levels of peak sled acceleration. This can be mathematically represented

, by
Pr(yyy > y0|§) 2 Prlyyy = 1|x) for all x.
Now,
Prly,y > yolx) = ¢l-(yy - x'8,)/0,]
and Priyp; = 1[x) = 0x'8)).

Therefore, for all x,
- . | '
o(-(y, 5&2)/02] > o(x'8)).
However, this can only be true if

Y 8

: 12/% 7 B
&‘ The constraint imposed by the vector valued function h can be described
;\:: by - -
. r r
801 1 0 0 o
0o 1 o O
fu .
, B= 1% = h®) - o 0o 1 0 [=°
i 02
4 20 o
' 812 0 o
i
" | o . 0 0 0 1 |
t where
$
(3 {J -9~
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However, h depends upon Oys which is unknown. In other words, the prior

information, in terms of the parameter constraints, is not complete. 1In

this particular case, the best that can be done is to estimate h by EL

where (1 0 0 0
o 1 & 0
h@® = 1o o0 1 of 8
0 02 0 ¢
0O 0 o0 1
SN -

and 82 is the minimum variance, unbiased estimator of Oy based on the
~

preinjury data, i.e. 32 = 10 5 Ogs Oy being the maximum likelihood ;
n—

estimate of 02.

B. MODEL REPRESENTATION

The model representation for computer analysis is then given (for

i=1,...,nand j = 1) by:

2; = 613¥g + Oaq¥p3 + (1 - 8 )A - 8,17
A ~ * A
k @ 9) = 8,51 B + 65,6, GO + (- 8,00 - 5,08, GE)

eg = 048y 821821 + 1 - 51 - 621)v;

-10-
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where Gli and 621 were defined previously, and

_ ) .1 i}
£, (1 (0)) JURCHS)
£, @@ Boz * X419,814

* A -1
g, (RO =¥ OBy, *+ xgByg)-

If a separate estimate of §1 based on the dichotomous injury data
and separate estimates of Ez and 0y based on the continuous preinjury
data are available, then a "quick-and-dirty" estimate of p can be computed.

Note that

E(e,,v,4) = -PO,0(x8)) (24)
Var (e,,7,,) = 020Gx18) - p2[(x}B)0(x1B) + 67 (x!B)1}

The results in (24) are derived in the appendix of this and the previous

technical report [3]. From (24) it is easy to see that

E{-€2iyli(02¢(_x_1§l))'1} =p .

Thus,

—151621y11/[¢(x B )no ] (25)

is an approximately unbiased estimate of p. Here §1 is the probit estimate
of §1 based on the dichotomous injury data only and 5§ is the unbiased

2
estimate of 02,

o

1 L e
(h - 2) i=1 2

-11-
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Unfortunately, the estimate in (25) can sometimes have absolute
values exceeding one. A more refined (approximately unbiased) estimate
of p can be easily obtained by using an iterative least squares statistical
algorithm. To compute an iteratively reweighted, least squares estimate of

P, simply let
e "
21711

. (26)

I EZnyln

be the dependent observations and let

]
~Gq0(x38y)

. 27)
Fh)

- B

be the independent observations, Compute the injtial weights from the

reciprocals of the variances of ¢ by picking an initial value for

21711
p. The model derivatives are estimated by (27).

C. CORRELATION

Thus far, all models have assumed that p is constant for all X .
An approximate chi-square test can be conducted to test the null hypothesis

that o does not depend upon x . From (24) the means and variances of

€54Y14 Can be computed, Let

12~
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= E(e
ui ( Ziyli) ’

g =V €
g = VarCE,y, o

€21Y21 ~ pi

n
andw =% I w .
n

Then wl,...,wn are stochastically independent, each with mean zero and
variance equal to 1, It follows that

: @, - 02

i=1
has an approximate chi-square distribution with (n -~ 1) degrees of freedom,
0f course all the ui's and oi's are not known, but they can be estimated by
substituting the estimates of the model parameters yia the equations in (24).
Replacing the ui's and Oi's by their estimates should still yield a reason-
ably powerful test against significant departures from the null hypothesis
for moderate to large samples sizes.

If the chi-square test rejects the null hypothesis, then it is still
possible to estimate a probit model where p depends upon x . However in this
case, it would be desirable to increase the sample size. This is due to
the addition of the extra parameters used to model p . The computation of

the model parameter estimates would also be considerably more difficult to

obtain.

-13-
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IV. DISCUSSION |

The purpose of using auxiliary information is to improve the estimate
: of §1. In some estimation situations, however, the use of auxiliary infor-
mation may result in estimates of §1 that are slightly less accurate than
! if the auxiliary information were not used at all. If the constraint
information is correct and the prior estimates of §1 are close to the true
value of §1, then the a priori auxiliary information should always contribute
to reducing the mean square error (MSE) of §1.

If, however, the sample size is small, there is no apriori information

linking the parameters of §1 with §2, and in addition the correlation between
the injury tolerance and the side effect (i.e.,, preinjury) is low, then the
incorporation of preinjury data could possibly contribute to a slight increase
in the MSE of the estimate of §1. In order to assess the benefits of the

inclusion of preinjury data for small sample sizes, a Monte Carlo study is

i e

being conducted. This study will be discussed in a future report,

e ——
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APPENDIX

Since

2
Var(€21yli) - E{(GZiYIi)Z} - {E(Eziyli)} ’

‘ it is sufficient, in view of the appendix in [3], to derive an expression

for E{(eyy;,)%)-

B N e Ty

Now,

E{(ep, 1007} = Elegyyyy)

i _ o] [+ -) 2
= I_w f_m 621Ii(t1)f€’T(521, ti)dsndti

0 o 2
=f f eZifE(EZiIti)fT(ti)deZidt

-00 -00

i

0
2
{m E{821|ti}fT(ti)dti

R

However,

- —— -

Gl
P it SUSRRO

2 2
E{EZilti} = Var(EZilti) + {E(EZiIti)}

2, .2 22 2,2
1-p )o2 +p oz(ti - uTi) /o,

since eulti has a normal distribution with mean

ooz(ti - uTi)/oT

and variance

e

- o2yg?
1-o»p )02 .

Thus,
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2 0
E{(e549,)°} = (1 - 0%)0)

0
24,2742 _ 2
fT(ti)dti + (p 02/01”-.,(:1 uTi) fT(ti)dti .

Now, from (3) and (4) in the appendix of [3],

5

0 -u_ /o 2
Soeplepae, = g T T & /2 4y

VE‘"
- <l>(-u.r / oT)
i

= 0GB -

Also,

-l /O

SoI(e, =y ) /o )f_ (t )dt = [ u® /om e du .
i T T Ti i i

-00 i -00

By performing integration by parts, the integral on the right hand side

becomes
~Uy /O “Un /O
Ti T Ti T 1

- 2 '
~u(2m) %e-%u + [ 2r e g du

-0
This expression is equal to

-(uTi/cT)tb(-uTi/oT) * oy fo) =~k BB + S(x/B))

i

Therefore,

2
Ble,y91) Y = (1 - 0D0700xi8)) + 0702 10(xiB)) - (x}BOCxIE)]

and hence, 1

2
Var(e, yy,) = 0a10(x!8)) - 02 ((x{8O(xIE) + ¢ (xIB D]

-17-
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